
8.2 - Homogeneous Linear Systems

Consider the system

𝜔𝜀
𝜔𝜗

= 2𝜀 + 2𝜛

𝜔𝜛
𝜔𝜗

= 𝜀 + 3𝜛
which, in 𝛚ω = 𝛆𝛚 form is

𝛚ω =
⌋

2 2
1 3 ⌈

𝛚.

The solution is x ̅ H c 1 e Ca 3 et
This is a superposition of
tilt e

t and X.lt et lambda
these have the form x ̅ I eE
is the solution to an equation
It is called an eigenvalue
I is the associated earner

Suppose x ̅ Ke is a solution to
x ̅ Ax ̅

sub x ̅ Text XKeY ARE
K AK AI XI 3

A XI K 0
The zero vector

IF b or Is 8 18 or 8 8
theidentitymatrix



Example: Find the general solution of the given system.

𝜔𝜀
𝜔𝜗

= 2𝜀 + 2𝜛

𝜔𝜛
𝜔𝜗

= 𝜀 + 3𝜛

one way to make_ A XI I 8 true

is to have k 8 This is the
trivial solution A notrivial solution
is obtained when det A XI 0 C

this is the
characiscquating

from linear
algebra

A 3 A 11 35 19
Ex

det A XI 0 12 8 0

2 x 3 X 2 0 characteristic

12 5 612 0 equation

A 4 x 11 0 1 4



4 1 A XIII 3 2 1 8

th 21 ki 2h2

Let k 2 1 k 2 K

12 4 t 3 1 8 2 51 8
Augmentedmatrix 3 8

Want 0 heres

RER 212 2318

R ER d 8 kitka o kik

Let k 1 then K

Recall that x ̅ Re't so

x ̅ 3 et 12 11 e

so x4̅ c lettcMeI
Aside 3 i 4 4 1 so AK xx ̅



Example: Find the general solution of the given system.

𝜔𝜀
𝜔𝜗

= 2𝜀 ε 7𝜛

𝜔𝜛
𝜔𝜗

= 5𝜀 + 10𝜛 + 4𝜚

𝜔𝜚
𝜔𝜗

= 5𝜛 + 2𝜚

det A XI 0

0
5 2 x

2 7 12 12 20 20 7 1 5 1 0

Tx 12127 35 0
2 x x 7 x 5 0 2,57

1 2 R 54 713
then R3 13

ki ka k3
Re sis

R1 0 0 Rz k2 0

R2 5k 4k 0 k 45k

Let Me 5 then k 4 and
I I e



12 5 521 3122
15 35 0

I.io
MaktErstmygEcond

Then R2 4122

C
Ri 3k 7k k 3kg

Re 5kt 3kg kg Ekg
Let kz 3 then 7 k 5

I

We can likewise findthat for 7 7

15 135



1717417 54517517

1 Had be

3 3 determinant

g If b c 891

iii

x ̅ Ax ̅ represents A 5
Back to the first example

x ̅ e c.CZ et cz E4ttn
x ̅ c ki e c ke Ket't kettle



c c EiKr

I.EE iititi ie
Phi fee

x ̅ E E E column near
of arbitrary

Fatimentalthe
constants

system

complexagenvalust
If X α Bi x ̅ α Pi then we have

x ̅ Text and x ̅ I ext where

x ̅ is the complexconjugate of X
But I e β t

I eat cospt isin βt
I ek Bilt I eat cospt is inBt

By the superposition principle



x ̅ Ket Ie k Ile cospt Efi Eletsinet

x ̅ Éfke Ée l ktkletospttECEtiletsin.pt

Aside 2 E Bit α pi α

z I E x pita pi β

so z Z α Re Z the real part

IIeimaginarI.EEthf
some let

f gÉ

and

this leads to a theorem



Theorem: Let 𝜔 = 𝜀 + 𝜗𝜛 be an eigenvalue of 𝛚 and let
𝛆1 = Re(𝛝), 𝛆2 = Im(𝛝). Then

𝛡1 = 𝜚𝜀𝜍(𝛆1 cos 𝜛𝜍 ω 𝛆2 sin 𝜛𝜍)

𝛡2 = 𝜚𝜀𝜍(𝛆2 cos 𝜛𝜍 + 𝛆1 sin 𝜛𝜍)

Example: Find the general solution of the given system.

𝜑𝛻
𝜑𝜍

= 4𝛻 + 5𝜕

𝜑𝜕
𝜑𝜍

= ω2𝛻 + 6𝜕

det A XI 0 It 651 0

2
10 24 10 0

X 10 25 34 25 x 5 9

5 3i

1 5 3 4 25 3 6 55 3 I 8

1 123 153 1 0
Check X is correct 1 3 1 3 10 0

so if we now reduced we'd have

1
1
03 f 1 8 1 3i k 5k 0

A Fike Let kz 1 3 A 5

1 15 5 3 i gives
B 5 32 19



5 3 WA 5 1 cos 37

x c.tt 157053t 13
sn37t

cze5t 9 cos3t 5 sin3
Meaning x ̅ c est cos ᵗ3sm3 Cze 3 9 3

Ci cost 5C2sin3t

cost 3C sin 3020537 casin t est

Iii E Es's.EE Eas.nsz
est5e5tsin3tX1HEsEwts Eestsin3t 3estcossttets.int

R
123 3T R2 211 1 31 R2

R2 2 bi 10
2 6

Hsi 1 3 100



Repeated eigenvalues:

Example: Find the general solution of the given system.

𝛚ω =
⌋

12 ε9
4 0 ⌈

𝛚 11 591 0 12 12 36 0

x 6 0

1 6 repeated mult 2

0 3 3

AXITY 8 3 2k 312 0

k Zkz
let k2 2 k 3 I 3
In this case we will seek a 2ⁿᵈ
vector P A XI P I pationalewill
use to find T come later

1 1 E 3

311 f 20 3Pa I

Letp 0

Then p p

IHFC.EE afFtetEEFi



Example: Find the general solution of the given system.

𝜔𝜀
𝜔𝜗

= 3𝜀 + 2𝜛 + 4𝜚

𝜔𝜛
𝜔𝜗

= 2𝜀 + 2𝜚

𝜔𝜚
𝜔𝜗

= 4𝜀 + 2𝜛 + 3𝜚

We find 7 8 1 1

is I
1 I 0
2k k2 2kg 0

If kz 0 kik IF 1
If k 0 2k k2 KE
If k D k 2k R f
IH c.CI ettaf letts 1tl



Aforementioned rationale
In the case of a repeated eigenvalue
we have
x ̅ Text

Itext _pext
me

met
3

I text Ptext Qett

suppose x ̅ text Text
x ̅ Iext kxtext Paext
so x ̅ Ax ̅ becomes

t.it e e

W

AI XIE R AP XP
A XI I O A I P I
we knew this

If Q is needed we use

A XI E P



As shown in the diagram, two large connected mixing tanks 𝜍 and 𝜑 initially
contain 100 gallons of brine. Liquid is pumped in and out of the tanks as indicated
in the !gure; the mixture pumped between and out of a tank is assumed to be
well-stirred. Construct a mathematical model in the form of a linear system of
!rst-order di"erential equations for the number of pounds 𝜀1(𝜗) and 𝜀2(𝜗) of salt
in tanks 𝜍 and 𝜑, respectively, at time 𝜗 . Write the system in matrix form.

AI response to where this model is used: This type of coupled mixing tank model
shows up in several real engineering and scienti!c contexts:

Environmental &Water Treatment Themost direct application iswastew-
ater treatment plants, where tanks are linked in series or loops to progressively

x lb salt in A
2 As salt in B

100gal 100gal

1 satin shout

000
1 0 7 3
d 2 Yo Yo Yo

x ̅



dilute or react contaminants. The exact #ow-in/#ow-out balance you see here
models how pollutant concentrations evolve through each stage.

Pharmacokinetics (DrugModeling) This is probably themost important real
use. The human body is modeled as a series of "compartments" — blood plasma,
tissue, organs — and a drug moves between them at known rates. The math is
identical to these tank equations. Pharmacologists use this to predict:

• How long a drug stays in your system
• When blood concentration peaks
• Proper dosing intervals
• Chemical Reactors

In industrial chemistry, continuous stirred-tank reactors (CSTRs) are liter-
ally this setup. Reactants #ow in, products #ow out, and intermediate products
recirculate between vessels. Petroleum re!ning and pharmaceutical manufactur-
ing use multi-tank CSTR networks constantly.

GroundwaterContamination Aquifers aremodeled as interconnected "cells"
exchanging water at known rates. When a contaminant spills, hydrologists use
these equations to predict how the plume spreads between underground zones
over time.

HVACandAtmosphericModeling The atmosphere itself is divided into com-
partments (troposphere, boundary layer, urban airshed) with pollutants like CO2
or smog transferring between them— same mathematical structure.

The reason this model is so powerful is that any system where a substance
moves between well-mixed reservoirs at proportional rates reduces to the
same form of coupled linear ODEs. The tanks are just the most intuitive way to
introduce the concept.


